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In this paper we obtain a combinatorial lower bound 6,(G) for the crossing 
number cr,(G) of a graph G in the closed orientable surface of genus g, and we 
conjecture that equality holds in a wide range of interesting cases. The lower 
bound is applied to the crossing number of the l-skeleton of a d-dimensional 
cube to show that this crossing number must be at least 4, and a constructive 
technique is used to show that the crossing number is at most 8. Finally, we 
show that the crossing number of any graph is at most k2 times the crossing 
number of the underlying simple graph, where k = maximum multiplicity 
of an edge. 
Let G be a finite graph without loops or parallel edges, and let g be a 
non-negative integer. In Section 1 we associate the combinatorial invariant 
h(G) to (G, d 
%(G) = m - j& (n - 20 - gh 
where m = number of edges in G, n = number of vertices, an 
I = minimum number of edges in a cycle (so I 2 3). (We may assume G 
does have cycles, otherwise it is a tree and hence planar.) We obtain 
THEOREM 1.4 
cr,(G) >, h(G), 
where cr,(G) is the crossing number of G on a surface of genus g. Richard Guy 
implicitly used a special case of this theorem (g = 1 and G = &,J in [2]. 
In Section 2 we present a collection of ~o~nterexam~~es to various 
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inequalities of Section 1 being equalities. In particular, we demonstrate the 
existence of G and g for which 
w,(G) > h&3. 
However, in Section 3 we give the following 
CONJECTURE 3.3 
CrdG)(G) = kG)(G), 
where G is either a complete or a bipartite complete graph and g(G) is the 
greatest integer for which 8&) >, 0. 
We apply Theorem 1.4 and an inductive drawing scheme in Section 4 to 
prove 
THEOREM 4.5 
4 < CIg(cdG) < 8, 
where G = Q(d) is the l-skeleton of a d-dimensional cube and d > 4. We 
conjecture that the second inequality is an equality. 
Finally, in Section 5 we show that if G is any finite graph we may express 
the crossing number of G in terms of the crossing number of UG, the 
underlying simple graph. More precisely, suppose k denotes the maximal 
number of parallel edges joining any pair of adjacent vertices in G. Then 
we have 
THEOREM 5.3 
cr,(G) < k%r,(UG). 
1. A LOWER BOUND FOR CROSSING NUMBERS 
Let G be a simple finite graph, that is, a graph without loops or parallel 
edges. (If G has loops or parallel edges, then the crossing number of G is 
related to the crossing number of the underlying simple graph UG, as we 
will show in Section 5.) If ZV denotes the closed orientable surface of genus 
g, then the (g) crossing number of G, cr,(G), is the minimum number of 
edge crossings with which G can be drawn on Zl, . (Recall that a drawing 
of G on zl, is an immersion of G in zl, which is at most 2-to-1 and whose 
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singular set excludes the vertices of 6.) Thus, crO(G) is just the usual 
crossing number of 6, cr(G). 
EFINITION. Let G be as above and let g be a non-negative integer. 
We define jug(G) to be the minimum number of edges whose removal 
permits G to be embedded in & . 
1.2. DEFINITION. Let G and g be as above. Let n = number of vertices 
of 6, m = number of edges, and I = minimum number of edges in a 
cycle of G - so, in particular, E > 3 and 2 > 4 if G is bipartite. We may 
assume that G has at least one cycle, or else G is a tree and hence is pkmar. 
e define 
h(G) = m - & (?I - 2 -+ 2g). 
We will show that S,(G) is a lower bound for cr,(G). In fact, we have the 
following result: 
1.4. THEOREM. Let G and g be as above. Then 
Proof. The first inequality is trivial. For suppose G is drawn on XC 
with precisely cr,(G) edge crossings. We obtain a set S of edges by choosing, 
for each edge crossing, an edge which is involved in the crossing. If j S j 
denotes the number of elements in S, then pB(G) < 1 S ] d cr,( 
To prove the second inequality, we choose a minimal set M of ed 
whose removal permits G to be embedded in .Zg , that is, / M / = ,u~ 
and, if G’ = G - M, then cr,(G’) = 0. 
I. 5. SUBLEMMA. 
UG’) 2 h(G) - PAG). 
Proof of Sublemma. For brevity, put 6’ = 6,(G), 6 = 
Clearly, 
m--P - & (n - 2 + 2g) = 6 - p. 
But, if I’ denotes the minimum number of edges in a cycle of G’, then 
k’>Eso 
1 I - ___ 
l--2> I’ - 2 
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and, hence, 
lY=m---p- r-2 -L-- (n - 2 + 2g) 3 s - /.L. 
This completes the proof of Sublemma 1.5. 
We need one more sublemma to complete the proof of the theorem. 
1.6. SUBLEMMA. Suppose cr,(G) = 0. Then S,(G) < 0. 
Proof of Sublemma. Let g’ = genus of G, i.e., g’ is the least integer t 
for which cr,(G) = 0. Thus g’ < g. Hence, 6,(G) < 8,,(G) so we are 
reduced to showing 8,(G) < 0. 
Let G be embedded in Zl,* . Then G is a 2-cell embedding by [lo] 
(or [5]), that is, Zgr - G is a collection of disjoint open discs, or faces. The 
boundary of each face is a cycle in G, so each face is bounded by at least I 
edges. Therefore, 
1.7 k < 2m, 
where p = number of faces and m = number of edges (as before). By 
Euler’s formula, we have 
1.8 n-m+p=2-2g’. 
Easy calculations, using 1.7 and 1.8 yield 
m < & (n - 2 + 2g’), 
or 6,(G’) < 0. This completes the proof of Sublemma 1.6. 
To complete the proof of Theorem 1.4, we note that, since cr,(G’) = 0, 
we have by 1.5 and 1.6 
0 b SAG’) 3 S,(G) - rug(G), 
and, therefore, 
JU.AGI t S,(G), 
as required. 
Of course, we have the corollary: 
Q.E.D. 
1.9. COROLLARY. 
cr,(G) 2 h(G). 
2. COUNTEREXAMPLES TO THE PRECISENESS OF THE LOWER BOUND 
In general, neither of the inequalities of Theorem 1.4 is an equality. 
2.1. PROPOSITION. There exists a graph G and a non-negative integer g 
such that cr,(G) > p.,(G). 
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ProaJ Let g = 0 and let G = K,, . Then there are mm 
of J!&, in the plane (i.e., on a sphere) in which some edge 
several crossings (see Saaty [9]). Thus we may choose the set is: in the proof 
of 1.4 so that j S j < cr,(G), and hence p*(G) < cr,JG) 
The following statement is obvious. 
22. Remark. 
cr,(G) = 0 +- pcGo(G) =
Now we digress for a moment. 
2.3. H)EImITION. Let G be a graph. An orientation OJ of G is a function 
which assigns to every vertex of G a cyclic ordering of the edges of G 
which are incident with the vertex. 
The following result is well known. I believe the first statement of it is in 
Konig [5]. 
2.4. THEOREM. Let G be a graph and w an orientation of G, Then there 
is a unique integer g and embedding f : G ---f -C, such that f induces, in the 
obvious way, the orientation w of G from the orientatiovz of xg . 
2.5. DEFINITION. Let w  be an orientation of a graph G’ and let g andf 
be as in 2.4. If we “inflate” each vertex off (G’), we obtain a trivalent 
graph TUG’, which depends on G’ and w. We may think of the graph r,G 
as being obtained by drawing a small circle around each vertex of f(G) 
and then erasing everything inside the circle. Of course, ~~61 can also be 
defined combinatorially (see Kainen [4J). To ensure that TJ? have no 
loops or parallel edges, we require degree of z, >, 3 for all vertices ~1 of G’. 
Suppose G = r,G’, I’ = minimum number of edges in a cycle of G’, 
I = minimum number of edges in a cycle of G, FYZ’ = ~urnb~r of edges of 
G’, m = number of edges of G, and n = number of vertices of G. Then 
the reader may easily verify 
Let G = r,G1 as above. 
2.7. bMMA. If G’ is trivalent, then, for any g, &(G) < 0. 
ProoJ If G’ is trivalent, then m’ >, 3 and I = 3. Therefore, 
= 3m’ - 3(2m’ - 2 + 2g) = 6(1 - g) - 3pn’ < 0. Q.E. 
The following results were obtained in [4]: 
292 KAINEtN 
2.8. THEOREM. Let G’ be as in 2.5. Then 
genus(G) = 
of G’ 
2.9. COROLLARY. There exist trivalent graphs G’ of arbitrary genus g. 
Now we may terminate our digression and state 
2.10. THEOREM. Let g be arbitrary (2 0). Then there exists a graph G 
such that 6,(G) < 0, but &G) = 0. In particular, 
Proof. By 2.9 we can choose trivalent G’ with genus (G’) = g. By 2.8 
there exists an orientation w  of G’ such that if G = r,G’ then genus 
(G) = g. Hence, cr,(G) = 0 so, according to 2.2, pJG) = 0. But S,(G) < 0 
by 2.7. Q.E.D. 
This theorem demolishes one-half of the equivalence 
ps(G) = 0 + S,(g) = 0. 
The other half is more plausible, and we might be tempted to conjecture: 
2.11, 6,(G) = 0 implies that pg(G) = 0 (or, equivalently, that cr,(G) = 0). 
However, this is also false. For we may choose G in Theorem 2.10 to 
have genus g + 1 so that cr,(G) > 0. Now we may further choose G such 
that I %(G’lI d (3 - m, where n = number of vertices and m = number 
of edges of G, and we may, therefore, add [ S,(G)1 new edges to G, resulting 
in a new graph G. Since Z = n, 6’i = m + 1 S,(G)/ , and I = I = 3, we 
have S,(G) = 9. But G 1 G so erg(G) > 0. 
2.12. Remark. A simpler example of G and g for which S,(G) < ,ug(G) 
is G = K5 , the complete graph on 5 vertices, and g = 1. Then 
CM3 = 0 = rudG) but S,(G) = -5. 
3. EXAMPLES IN WHICH THE CROSSING NUMBER EQUALS ITS LOWER BOUND 
We have already observed that S,(K,) = 1 = cr,(&). Moreover, 
S,(K,) = 3 = cr,(&). In both cases, S,(K,) < 0 and S,(K,) < 0. Consider 
K, . Then S,(K,) = 0 = cr,(K,) and S,(K,) < 0. Similarly, let K,,, denote 
the complete bipartite graph on p and q vertices. Then 
~&,J = 1 = crdk,J and W&J < 0, 
&&,3 = 2 = croW3,4) and ML) -=c 0, 
MG,4) = 0 = d&4) and W&,3 -=c 0. 
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Suppose we define g(G) to be the greatest integer t for which 
S,(G) 3 0 
if any such t exists at all. In particular, g(K%) and g( ,3 are defined. Easy 
calculations show 
3.1 g(K,) = [ 
(n - 3)(n - 4) 
12 
where [x] denotes the greatest integer < x, and 
The above examples now suggest the following: 
3.3. CONJBCTURE. Let G be a complete graph or bipartite couplets 
graph. Then, putting g = g(G), 
&&3 = cr&3. 
3.4. Remark. Let G and g be as above. If S,(G) = 0, then we have 
g = genus of G (see Ringel and Youngs [8] and Ringel ET]) and hence 
6,(G) = 0 = cr,(G). So the conjecture holds when 
Consider G = Kg . Easy calculation shows g(K,) 
S&K,) = 36 - 3(9 - 2(1 - 2)) = 36 - 27 - 6 = 3. 
Thus it should be possible to produce a drawing of & on a double torus 
with exactly 3 crossings. If no such drawing is possible, then the conjecture 
is false. 
Note that crl(Kg> = 9, as Guy, Jenkyns, and Schaer prove 
can see this by first observing 
3.5 cr&J 3 %Q = 9 
and by second considering the drawing of Kg on Zj 
3.6 
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in which the innermost and outermost triangles are identified. This 
drawing shows cr&) < 9 so cr,(K,) = 9 in view of 3.5. 
4. SOME APPLICATIONS TO CROSSING NIJMBERS OF ~-CUBES 
Let d be a positive integer. We shall consider in this section the graph 
Q(d) which is the l-skeleton of a d-dimensional cube. If Q(d) has n vertices 
and m edges, then II = 2d and, since each vertex has degree d, 
2m = d2”, or m = d2d-1. 
From now on we assume d >/ 2. Then the minimum length 1 of a cycle in 
Q(d) is 4. Thus, we have for any g 
4.1 
and, hence, 
= d2d-1 - 2(2” - 2(1 - g)) 6,(Q(d)), 
= Pl(d - 4) - 4(g - 1) 
4.2. g(Q(4) = 2-W - 4) + 1 
and 
4.3. hm,(QW = 0. 
But it is known [I, 61 that g(Q(d)) is equal to the genus of Q(d) so that 
cr,(,(&Q(&J) = 0. Therefore, putting g = g(Q(d)), we have 
4.4. %(Q@)) = cr,(Q(d)) 
as in Conjecture 3.3. 
Let us now consider cr,,(Q(d)). 
4.4. THEOREM. 
4 G cr,-l(Q(41 G 8, for d 2 4. 
A detailed proof of this theorem and related results will appear 
elsewhere. Here is the idea of the proof: 
Since 4 = &,(Q(d)), we have the first inequality immediately. To 
prove the second inequality we construct an inductive scheme for drawing 
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Q(d) in Zgwl with 8 crossings. It is easy to draw Q in JJo with 8 crossings 
for example: 
Moreover, we can regard Q(4) as a square of squares (11, (2), (3& (4) in 
such a way that none of the “corner” squares (9)9 (2), (3>? (4) contains a 
crossing, i.e., each of the corner squares bounds a isc. we Gm ah 
embed Q(4) in Z1 and regard it as a square of squares (i’), (2’), (3’), (4’1, 
each of which bound a disc in & , as in the following representation of 
Q(4) of JJ1 in which the innermost and outermost squares are identified: 
4.7 
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Now run a tube from the interior of the disc bounded by (1) to the interior 
of the disc bounded by (1’) and draw 4 lines along the tube connecting the 
corresponding corners of (1) and (1’). Do the same for (2) and (2’), (3) and 
(3’), and (4) and (4’). Thus we have connected a sphere to a torus by 
4 tubes. This yields a surface of genus 0 + 1 + 4 - 1 = 4 and a drawing 
of Q(5) on & containing exactly 8 crossings. But g@(5)) = 5, and we 
have obtained a drawing of Q(5) on & with 8 crossings, as required. Note, 
moreover, that the resulting drawing can be regarded as a “cube” of 
squares (l),..., (8) each of which bounds a disc. And so on. 
We strongly conjecture that Theorem 4.5 can be sharpened to give 
cr,-dQ(d)) = 8. 
5. THE CROSSING NUMBER OF GRAPHS WITH LOOPS OR MULTIPLE EDGES 
Let G be a finite graph that we have drawn on a surface Z. Then we can 
obviously add, at each vertex a, any finite number of loops without 
introducing any new crossings as indicated below: 
5.1 
Thus we have 
5.2. Remark. Let G be a finite graph possibly with loops and n any 
integer. Then cr,G = CT,(G), where G is the graph obtained from G by 
deleting all loops. Now suppose G is any finite graph and let UG denote 
the simple graph (no loops or parallel edges) which underlies 6. Suppose 
that two vertices of G are joined by at most k parallelledges. Then we have 
the following 
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5.3. THEOREM. Let n be any non-negative integer. 
cr,(G) < k2cr,(UG). 
This theorem is an immediate consequence of the next lemma. 
5.4. LEMMA. Let G be a graph with exactly k parallel edges joining any 
pair of adjacent vertices and let n be an integer. Then cr,G = k2cr,( 
ProoJ Let D be a minimal drawing of UG on ZW ) that is, D contains 
exactly cr,(UG) crossings. Then, since every vertex of D (i.e*, a vertex of 
UG or a crossing point) has a small neighborhood containing no other 
vertices, we can enlarge each vertex slightly to a small disc. Similarfy, we 
can thicken each edge slightly to a “channel.” Now run k parallel edges 
down each channel to obtain a drawing D of G. For example, suppose 
UG = K5 and k = 2. Then we have 
Thus, each crossing in D is replaced by k2 crossings, in D,-, and therefore 
5.6. cr,G < k2cr,(UG). 
Let m denote the number of edges in UG. Then there are km edge-disjoint 
isomorphic copies Hi of UG contained in G. If D is a minimal drawing of 
G, then D / Hi = Di is a drawing of Hd , i = I,*.., km, and so Di con~ins 
at least cm(UG) crossings. Since D is minimal, two ed 
cross in D must have all four of their end-points distinct. 
each crossing in D is contained in exactly km-2 different &‘s. Therefore, 
since D contains cr,(G) crossings, we 
that is, 
5.7. cr,(G) 3 k2cr,(UG), 
where X$ = number of crossings in Di . But 5.7 and 5.6 yield the lemma. 
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We remark that this lemma gives a relationship between the redun- 
dancy, or “fail-safe factor,” of a micro-circuit and the corresponding 
weight increase. 
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